Using Online Algorithms
to Solve NP-Hard Problems
More Efficiently in Practice

Matthew Streeter

Committee




Background

SRR e
Py T




Background

® NP-hard problems are worst-case
intractable under standard assumptions

® But, they arise frequently in practice




Background

® NP-hard problems are worst-case
intractable under standard assumptions

® But, they arise frequently in practice

® Different techniques for dealing with this

3 & RS2 s el Y St LLN g do W7 100 Wit - Tt a2 P St R T A AN S D fade A_,fq IRORTN T 30 PO TRt e, | TR N e Y T e . 3 o a5 “wifat il b (S
57 s o 2 P RN Rt RITEY o TN AT LR AN o 7 A B & e e S AN e A S N AR SR e ey £ RS B i 6 S R
» ~ - g = SAG sl L S 3 B A gy oy y wo LR SYNA 3 el o i A b A g "
< R PrPrASRIAN _CIRNACITI, FNRASPrNA/Z [A e\ ~AatiAarm AlsasAarai+ih N e e e Pl




Background

® NP-hard problems are worst-case
intractable under standard assumptions

® But, they arise frequently in practice

® Different techniques for dealing with this
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This thesis

® Goal: boost performance of existing
algorithms by adapting them to actual

problem instance(s) encountered
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Qutline

¢ Combining multiple heuristics online

# Online algorithms for maximizing
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ombining Multiple




Heuristics can have
complementary strengths

® Running time of heuristics varies widely across
instances
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The power of restarts

® Running time of randomized heuristics can vary
widely across different random seeds
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Schedules

® Schedule = sequence of pairs (h,t) (a pair (h,t)
represents running heuristic h for time t)

® Execute in suspend-and-resume model
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Schedules
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Schedules

® Schedule = sequence of pairs (h,t) (a pair (h,t)
represents running heuristic h for time t)

® Execute in suspend-and-resume model
- or restart| model
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Schedules

® Schedule = sequence of pairs (h,t) (a pair (h,t)
represents running heuristic h for time t)

® Execute in suspend-and-resume model
o or reStart mOdeI b e L B R S S PO e B S A P S S

. L i Al
T o 10"“ ; "”
P R o S Sl 2 e ¥

run hj for run hy for 10
> minutes minutes




The offline problem

Given: set H of deterministic heuristics, set
X of instances of some decision problem.
We know how long each heuristic takes to
solve each instance (think of X as training data)
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Computational complexity

® Let H={h}hy,...} be a collection

of subsets of a finite set X

® Think of each subset h & H as
a heuristic, and each element x
& X as an instance
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Computational complexity

® Let H={h}hy,...} be a collection
of subsets of a finite set X

® Think of each subset h & H as
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Greedy algorithm

® |et f(S) = #(instances solved by schedule S) (in restart
model or suspend-and-resume, whichever we care about)

® |et G = empty schedule

e While f(G) < |X]:
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Greedy algorithm

® Let f(S) = #(instances solved by schedule S) (in restart
model or suspend-and-resume, whichever we care about)

® Let G = empty schedule
o While f(G) < |X|:

® Find the pair a = (h,t) maximizing [f(G + a) - f(G)] / t,and
append it to G




The online problem

® Given: set H of heuristics, fed sequence xi, x3, ..., Xn
of n instances

® Solve each x; (via some schedule) before moving on
to xi+1. Only learn outcomes of runs we actually
perform.
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A solved problem

® Suppose instead of picking a schedule, you get to
pick one heuristic and run it for unit time. Want to
maximize #(instances solved)

® Define regret = maxn e H #(instances h can solve in
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A useful gadget

Suppose you still have to pick one heuristic, but
now can run for unit time in expectation

For example, could flip coin of bias |/t, if heads run
h for time t. Call this “action (h,t)”

Usmg Exp3 to plck actions, worst-case expected
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Online greedy algorithm

instances

X1y, X2y ... Xn
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Online greedy algorithm

instances
Xl ’ X2, . Xn

gadget gadget gadget gadget
I 2 3 4

! ! ! !

solved solved solved solved
instances instances instances instances
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Exploiting features

® Suppose each instance is labeled with the values of
one or more Boolean features
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Exploiting features

® Suppose each instance is labeled with the values of
one or more Boolean features

® | et Xr = subsequence of instances with feature F

e Can get the foIIowmg guarantee S|multaneously for
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Randomized heuristics

® All results extend to randomized heuristics

® Can have some heuristics execute in restart
model, others in suspend-and-resume
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Other theoretical
results

e Offline and online algorithms based on
shortest paths
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Previous work

® Algorithm portfolios

® |dea of using schedules to improve average-case,

offline algorithms for special cases (Huberman et
al., 1997; Gomes & Selman 2001, ...)

® Using features to plck out a smgle heurlstlc

Bt 3 LR S, AR SN e N [N \ 7 e AN Q A A ﬂ a : sl A TR,
L N S (RSt | J‘n a n 1.“ & A o ay 9 [ 3 ‘G fx N- -;_ _; e hies ---<
& itk R : u‘ . L ? e ;-'a'-' '.‘.‘f{f‘:‘*h; ) .J:e.»'.-ru??:&‘s‘ « \ley /=000 f

AN SR Wl A7 A0 Pt "\""" LB




Contributions

® New techniques for combining heuristics

® consider a class of schedules that generalizes
schedules considered in previous work
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Solver competitions

® FEach year, various conferences hold solver
competitions

® FEach submitted solver is run on a set of benchmark
instances, subject to per-instance time limit

Solvers judged on how many instances they solve and
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Solver competitions

Competition Problem domain
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Results for SAT 2007, random category

Solver

Avg. CPU
[lower,upper]

Num.
solved

adaptg2wsat+
adaptg2wsat0
SATzilla
ranov

March KS
_ Vadaptnqvelty

[2157,]
[2204,]
[2275,]
[2288,]
[2305,]
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Offline algorithms

Results for SAT 2007, random category

Avg. CPU Num.

SOlver [lower,upper] solved
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Offline algorithms

Results for SAT 2007, random category

Avg. CPU Num.

SOlver [lower,upper] solved
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Offline algorithms

Results for SAT 2007, random category

Avg. CPU Num.

SOlver [lower,upper] solved
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" - . N 3 Ly ~ £ ’ P d i’y ' r . " o~ e e - - -
N R SN W LN SN G AV edad A (SLUISDend) cro A @ | RS A (8] S T 1 A 1A et e S s ) Yt {36 s Pi e SEUN SR L g R T i I
P ATt Yt T 8 g L o JAPAA AL U | 22U L i,,;; s ] VI I Ty hom I e | B3 7 TP e < O g L & 5 o
F Lottt S LR S L 0 S Pt RS s e K D\ R S F i B el S A N e S i ) SO L S v 0 e e S o TG i R S R RS s B T B R e 4 s SR
& P ¥ g SEALA S y e A Rt e i Rt (i N L) AR TN . " 3 L i Sl N PP P A N e ol ® Aerds £ t R N e xs 3



Offline algorithms

Results for SAT 2007, random category

«<— Greedy schedule (suspend)

<— Parallel schedule

&= Fastest |nd|V|duaI solver
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Online algorithms

® We consider two feedback models

® Full information: after solving xi, we learn how long each
heuristic would have taken to solve x;

Partial information: only learn outcome of runs we actually
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Online algorithms
Results for SAT 2007, random category

Avg. CPU Num.
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Online algorithms

Results for SAT 2007, random category

Avg. CPU Num.

BOIvEr [lower,upper] solved

Greedy schedule (suspend) [1223,2372] 350

Online greedy (full info) [1304,4261] 347
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Online algorithms

Results for SAT 2007, random category

Avg. CPU Num.

SOiver [lower,upper] solved

Greedy schedule (suspend) [1223,2372] 350

Online greedy (full info) [1304,4261] 347
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Online algorithms
Results for SAT 2007, random category

Fastest solver
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Online algorithms
Results for SAT 2007, random category

Online single (partial)

Online single (full info)
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Online algorithms
.00 Results for SAT 2007, random category

Online single (partial)

Online single (full info)
Fastest solver
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Exploiting features

® Created features based on competition benchmark
directory structure

® For each subdirectory, have feature that is true if
instance resides under that directory
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Exploiting features
Results for SAT 2007, random category

Avg. CPU Num.
[lower,upper] solved

Solver

Greedy schedule [1223,2372] 350

~ Online greedy (full info) [1304,4261] 347
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Exploiting features
Results for SAT 2007, random category

Avg. CPU Num.
[lower,upper] solved

Online greedy (full info) + features [1044,3262 365
Greedy schedule 1223,2372] 350
~ Online greedy (full info) [1304,426 1

PN SN atm bt o W g B PSR
At S 4 AP SN Y oy TUr L GNP | ¥

Solver

P W L DT ol Lo S5 1 e ORI GC Y E T A S PN e P R e 4 st s & St Sy

C ” - R A A P S iacses S N 3P it o RN e % 20 b e D
gk, X e i B i p Ayt Pl Bl NS L= PN AL AT S L ATV S X o a0 4 e S O R SO el g byl
oL LR e | M /8- e Sl st U NS R 4 AR P [Bp Lo Ty Ao Yap T i BB R o e e e 1 [ R A it e G an tpd




Speedup factors

® Speedup factor = ratio of (lower bound on) best
solver’s avg. CPU time to that of greedy schedule
(suspend-and-resume, crossval)

Results for SAT 2007

-~ Speedup factor
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Speedup factors

Speedup Speedup factor
factor w/features
(range across (range across
categories) categories)

Competition

Boolean satisfiability 0.99 - 1.6l 1.3 -2.24
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Other experimental
results

® Optimization heuristics

® suppose heuristics are anytime algorithms that
return solutions of decreasing cost over time

® can modlfy objectlve functlon to get schedules
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Online Algorithms for

X ALk

Maximizing Submodular




Generalizing the
greedy algorithm

® Greedy algorithm for combining heuristics
(offline + online) can be generalized to solve




Problems that fit into
this framework

Problem References
Min-Sum Set Cover Feige et al. (2004)

Munagala et al. (2005),
Kaplan et al. (2005)

Efficient sequences of trials Cohen et al. (2003)
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Problems that fit into
this framework

Problem

References

Min-Sum Set Cover

Pipelined Set Cover

cost-
minimization

Efficient sequences of trials

Feige et al. (2004)

Munagala et al. (2005),
Kaplan et al. (2005)

Cohen et al. (2003)

Maximizing a monotone,

Lt mOular set fu tlon TN

e “)

Svmdenko (2004)




Using Decision




Introduction

® Optimization problems can be solved by asking a
decision procedure questions of the form “is there
a solution of cost < k?”

® E.g,state-of-the art algorithms for A.l. planning use
SAT solver to determine if plan of length < k exists
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Motivations

® Query strategy can dramatically affect time needed
to find (provably) approximately optimal solution

= 100 hours




Query Strategies

® A query (kt) runs the decision procedure with
time limit t, and asks it “is there a solution of cost
< k?” Result can be yes, no, or timeout.

® A query strategy determines the next query to
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Query Strategies

® A query (kt) runs the decision procedure with
time limit t, and asks it “is there a solution of cost
< k?” Result can be yes, no, or timeout.

® A query strategy determines the next query to
’ ___._execute as a functlon of the results of prewo
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time required to prove k < OPT or k =2 OPT
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® Performance metric: worst-case competitive ratio.
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T(k)
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Metrics & Assumptions

® Performance metric: worst-case competitive ratio.
Equals max, over all k, of
time required to prove k < OPT or k 2 OPT
T(k)

® Without any assumptions about T(k), can’t do
better than trylng aII k-values in parallel T
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Query strategy S,

Initialize T « |

Use two-sided binary search to find range of k-values such
that T(k) >T

Double T and repeat
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Use two-sided binary search to find range of k-values such
that T(k) >T

Double T and repeat

l. sty
¥ . W,
- R 7 -

¥ A e b Tl
: %




Query strategy S,

Initialize T « |

Use two-sided binary search to find range of k-values such
that T(k) >T
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Query strategy S,

Initialize T « |

Use two-sided binary search to find range of k-values such
that T(k) >T

Double T and repeat
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Query strategy S,

Initialize T « |

Use two-sided binary search to find range of k-values such
that T(k) >T

Double T and repeat
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Query strategy S,

Initialize T « |

Use two-sided binary search to find range of k-values such
that T(k) >T

Double T and repeat
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Query strategy S,

Initialize T « |

Use two-sided binary search to find range of k-values such
that T(k) >T

Double T and repeat

- T(k)




Query strategy S,

Initialize T « |

Use two-sided binary search to find range of k-values such
that T(k) >T

Double T and repeat
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Query strategy S,

® Theorem: if T(k) is increasing-then-decreasing, then S;
has competitive ratio O(log #(possible k-values))




Query strategy S

Theorem: if T(k) is increasing-then-decreasing, then S;
has competitive ratio O(log #(possible k-values))

If T(k) becomes increasing-then-decreasing after multiplying
each T(k) by a factor & < A, ratio goes up by factor < A
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Experiments

e A.l Planning: we use $; to create a
variant of SATPLAN that finds
approximately optimal plans quickly




Job shop scheduling

® Created variant of branch and bound
algorithm of Brucker et al. (1994) that uses
query strategy S»
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Job shop scheduling

Upper and lower bounds on OPT




Job shop scheduling

Upper and lower bounds on OPT

Brucker (S2) Brucker (orig.)

Instance
[lower,upper] [lower,upper]

X e S B - [Ny :
oS L R S Gy B R e g BN P S A IR T
3 £ s, s PR e ol y e
e s o Ry ST AT (1) s Lt

abz7 [650,712] [650,726]
- [622,725]

T S S A0 iR bt o N MR N A L
PR C R R T i e S S b
e POPIRT e B p s 3 N ) 50 paoder: o e s 3
¥ LIREYy ¥ SV 3 PR L RAY: -

. ¥ y ) A by ' A s Lad e B iy N ..
ool s R g LY R R R e S S it B R B e B
| Yor| [0 ety . R ARy o T ¥ R & e i ce



The Max k-Armed




The k-armed
bandit problem

Probability

® You are in a room with k
slot machines
SEEE

é : ith I
Pulling arm of i machine Machine |

returns payoff drawn from
~ unknown distibution Di .-B o
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The max k-armed
bandit problem

Probability

® You are in a room with k
slot machines

® Pulling arm of i*" machine
returns payoff drawn from

>
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The max k-armed
bandit problem

Given: a single optimization 2

problem, k randomized EIEIE]
heuristics el

Heuristic I
e Each time you run a heurlstlc ..B '
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Our results

Theoretical guarantees when each arm

draws payoff from a generalized extreme value
distribution

Simple distribution-free approach that works
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Summary & contributions

® New techniques for combining S
multiple heuristics '

® An online algorithm for maximizing
submodular functions
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